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1 Introduction 

The concept of neutrosophic set was introduced by Smarnandache [28, 29]. The 
traditional neutrosophic sets is characterized by the truth value, indeterminate 
value and false value. Neutrosophic set is a mathematically tool for handling 
problems involving imprecise, indeterminacy inconsistent data and inconsis- 
tent information which exits in belief system. The concept of neutrosophic set 
which overcomes the inherent difficulties that existed in fuzzy sets and intu- 
itionistic fuzzy sets. Following this, the neutrosophic sets are explored to differ- 
ent heights in all fields of science and engineering. A.A.Salama [9] - [26] applied 
neutrosphic set in various prospects. Many researchers [3, 4, 5, 6, 7, 8, 30] 
applied the concept of fuzzy sets and intuitionistic fuzzy sets to topologies. In 
this paper we initiate the concept of fuzzy neutrosophic product and some of 
its properties are discussed. 

2 Preliminary Notes 

Definition 2.1. [1] A Fuzzy Neutrosophic set A on the universe of discourse 
X is defined as A = (x,Ta(x), Ia{x), Fa{x)) , xE X where T,I,F : X — >■ [0,1] 
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and, 0< T A (x) + I A (x) + F A (x) <3. 

Definition 2.2. [1] Let X be a non empty set, and A = (x, T A (x), I a (x), F a {x)), 
B = (x, T B (x), Ib(x), F b (x)) are fuzzy neutrosophic sets. Then A is a subset 
ofBifVxeX 

T a (x) < T b (x),I a (x) < I b (x)),F a (x ) > F b (x)) 

Definition 2.3. [1] Let X be a non empty set, and A = (x, T A (x), I A (x), F A (x)), 

B = (x, T b (x), I b (x), F b (x)) are fuzzy neutrosophic sets. Then 

AU B = (x, max(T A (x), T B (x)), max(I A (x), I B (x)), min(F A (x), Fb(x))) 

A fl B = (x, min(T A (x), T B (x)), min(I A (x), I B (x)), max(F A (x), Fb(x))) 

Definition 2.4. [1] A Fuzzy neutrosophic set A over the non-empty set X is 
said to be empty fuzzy neutrosophic set ifT A (x ) = 0, I A (x) = 0 ,F A (x) = 1,V x 
G X. It is denoted by On . 

A Fuzzy neutrosophic set A over the non-empty set X is said to be universe 
fuzzy neutrosophic set if T A (x) = 1, I A (x) = 1 ,F A (x) = 0,V x G X. It is de- 
noted by In- 



Definition 2.5. [1] The complement of Fuzzy neutrosophic set A denoted by 
A c and is defined as 

A c (x) = (x,T A c(x) = F a {x),I a c(x) = 1 - I A (x),F A c(x) = T A {x)) 



Definition 2.6. [2] Let X and Y be a non-empty sets and let f be a map- 
ping from a set X to a set Y. Let A = {(x,T A (x), I A (x),F A (x)) /x e X } , 
B = {( y,T B (y),I B (y ) ,F B (y)) /y G Y} be fuzzy neutrosophic set in X and Y 
respectively, 

(a) then the preimage of B under f denoted by / _ 1 (i?) is the fuzzy neutro- 
sophic set in X defined by 

f~ l = {< x, / _1 (Tb)(x), f~ 1 (I B ){x), f~ 1 (F B )(x) >/iGl} where 
f~\T B )(x ) = T B (f(x)) , f~ 1 {I B )(x) = I B (f(x)) and r\F B )(x) = 
F B (f{x)) for all x G X. 

(b) the image of A under f, denoted by f( A) is the fuzzy neutrosophic set in 
Y defined by 

f(A ) = (/ (F a , /(/a, f(F A )), where for each y eY. 

f V T A (x) iff-^y)^^ 
f(T A )(y) = < xtf-Yv) 

0 



otherwise 
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fM(y) 



ze / _ 1 (y) 



V j a{x) iff \y)^<f> 

f — It'll} 



0 



otherwise 



f(F A )(y ) 



1 otherwise 



A AiO) iff 



Proposition 2.7. /£/ Let ^4, Aj(i G I) be fuzzy neutrosophic sets in X let B, 
Bj(j G J)be fuzzy neutrosophic sets in Y and let f : X — > Y a mapping. Then 



1. Ax C A 2 implies f(Af) C f{A 2 ). 

2. Bi C B 2 implies f~ 1 (B 1 ) C f~ 1 (B 2 ). 

3. Ac / _1 (/(t4)). If f is injective, then A = / -1 (/(A)). 

4- /(/ _1 (-B)) C B. If f is surjective, then f(f~ l (B)) = B. 

e. 

7. /(UA) = U/(A). 

*• /(flA) C n/(A)A//*» injective, then /(f|A) = fl/(A)- 
5. /(Ijv) = ljV; if f is surjective and f(0jy) = 0^. 

10. f~ l {l N ) = 1 N and / _1 (0 at) = Ojy- 

11. [/(A)] c C /(A c ) if f is surjective. 

12. f~ 1 (B c ) = [f-\B)}Y 

3 Fuzzy Neutrosophic topological spaces and 
product spaces 

Definition 3.1. Let p,q,r G [0, 1] and p + q + r < 3. An fuzzy neutrosophic 
point X(p^ r ) of X is the fuzzy neutrosophic set in X defined by 



A fuzzy neutrosophic point X( p ^ r ) is said to belong to an fuzzy neutrosophic set 
A =< Ta,Ia,Fa > in X denoted by x^g^ G A if p < Ta(x), q < Ia(x) and 
r > Fa(x). We denote the set of all fuzzy neutrosophic points in X as FNP(X) 
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Theorem 3.2. Let A =< T a ,Ia,F a > and B =< T B ,I B ,F B > be fuzzy 
neutrosophic sets in X , then A C B if and, only if for each £( p , g , r ) G FNP(X), 
x (p,q,r) £ implies X( PA , r ) E B. 

Proof: 

Let A C B and X( p ,q A ) E A, Then p < T A (x) < T B {x), q < I A (x) < Ib(x) 
and r > F A (x) > F B (x) . Thus X( PA) r) G B. 

Conversely, Take and x E X . Let p = T A {x), q = Ia(x) and r = F A (x). Then 
x (p,q,r) is a fuzzy neutrosophic point in X and X{ p , q ,r) £ A. By the hypothesis, 
x (p,q,r) £ B . Thus Ta(x) = p < T b (x), Ia{x ) = q < /s(x) and Fa(x) = r > 
F r (x). Hence A C B. 

Theorem 3.3. Let A =< T^, I a. Fa > be a fuzzy neutrosophic set of X. Then 

(p,g,r) x (p,q,r) ^ } ■ 

Definition 3.4. Let X be a set and let p,q,r E [0, 1] with 0 < p + q + r < 
3. Then the fuzzy neutrosophic set C'( Mjr ) E X is defined by for each x E 
x ’ C [ P ,q,r){x) = (p,q,r) ie., T C(vqr) {x) = p, Ic (p ^ r) { x ) = q and F C{pqr) (x) = r. 

Definition 3.5. Let X anon-empty set and let FA C FNS(X) . Then FA is 
called a fuzzy neutrosophic topology (FNT) on X in the sense of Lowen, if it 
satisfies the following axioms: 

(i) For each a, (3 , 7 E [0, 1] with a + f3 + 7 < 3, C{a,p n ) E FA 

(ii) For any Ai, A 2 E FA , Ax D A 2 E FA 
(Hi) For any {A k } k&K C FA , (J E FA 

keK 

Definition 3.6. Let A be a fuzzy neutrosophic set in a fuzzy neutrosophic 
topological space ( X , FA) then the induced fuzzy neutrosophic topology (IFNT 
in short) on A is the family of fuzzy neutrosophic sets in A which are the 
intersection with A of fuzzy neutrosophic open sets in X. The IFNT is denoted 
by FA a and the pair ( A , Fa) is called a fuzzy neutrosophic subspace of ( X , FA). 

Definition 3.7. Let (X, FA) and (Y, ) be two fuzzy neutrosophic topological 

spaces. A mapping f : [fX,FA) -e (Y, a iA ) is said to be fuzzy neutrosophic 
continuous if the preimage of each fuzzy neutrosophic set in 'FA is a fuzzy 
neutrosophic set in FA , and f is said to be fuzzy neutrosophic open if the image 
of each fuzzy neutrosophic set in FA is a fuzzy neutrosophic set in FA . 

Definition 3.8. Let ( A , FA a ) and ( B , FA b ) be fuzzy neutrosophic subspace of 
fuzzy neutrosophic topological spaces (X, FA) and (Y, FA ) respectively and let 
f : ( X , FA) -a- (Y,FA) be a mapping. Then f is a mapping of ( A , FAjf) into 
(B, FA b ) iff (A) C B. 

Furthermore f is said to be relatively fuzzy neutrosophic continuous if for each 
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fuzzy neutrosophic set Vb in %b, the intersection f~ 1 (VB)F\A is a fuzzy neutro- 
sophic set in ATa and f is said to be relatively fuzzy neutrosophic open if for each 
fuzzy neutrosophic set Ua in ATa, the image /(Pa) is the fuzzy neutrosophic 
set in ty/s 

Proposition 3.9. Let (A, AT a ) and ( B , °Ab) be fuzzy neutrosophic subspace of 
fuzzy neutrosophic topological spaces ( X , AT") and (Y,jZ) respectively and let f 
be a fuzzy neutrosophic continuous mapping of ( X , AT) into (Y,$T) such that 
f(A ) C B then f is relatively fuzzy neutrosophic continuous mapping of (A, ATa) 
into ( B , ^b)- 
Proof: 

Let Vb be a fuzzy neutrosophic set in %b- Then there exist V e such that 
Vb = V fl B . Since f is fuzzy neutrosophic continuous it follows that / -1 (Y) 
is a fuzzy neutrosophic set in AT . Hence / _1 (Vb) fl A = / _1 (Y fl B) fl A = 
/ -1 (P) D f^ 1 (B) fl A = / _1 (Y) fl A is a fuzzy neutrosophic set in AT a- Hence 
the proof. 

Definition 3.10. A bijective mapping f of a fuzzy neutrosophic topological 
space ( X , AT) into a fuzzy neutrosophic topological space (Y, °A) is a fuzzy neu- 
trosophic homomorphism iff it is fuzzy neutrosophic continuous and fuzzy neu- 
trosophic open. A bijective mapping f of a fuzzy neutrosophic subspace ( A , ATa) 
of(X , AT) into a fuzzy neutrosophic subspace (. B , AY B ) of(Y, %') is relative fuzzy 
neutrosophic homomorphism iff f[ A) = B and f is relatively fuzzy neutrosophic 
continuous and relatively fuzzy neutrosophic open. 

Proposition 3.11. Let f be a fuzzy neutrosophic continuous (resp. fuzzy neu- 
trosophic open) mapping of a fuzzy neutrosophic topological space ( X , AT) into 
a fuzzy neutrosophic topological space (Y, ) and g a fuzzy neutrosophic con- 

tinuous (resp. fuzzy neutrosophic openfmapping of (Y,W) into a fuzzy neu- 
trosophic topological space (Z, LA). Then the composition go f is a fuzzy neu- 
trosophic continuous (resp. fuzzy neutrosophic open) mapping of (X, A?) into 
(Z,W). 

Proof: 

Consider a fuzzy neutrosophic set W in W , then g~ l {W) is fuzzy neutro- 
sophic open in (since g is fuzzy neutrosophic continuous) . Let g^iW) be a 
fuzzy neutrosophic open in % , then / - 1 (<7 _ 1 (W)) = (go /) _ 1 (VP) is a fuzzy 
neutrosophic open in AT (since f is fuzzy neutrosophic continuous) . Hence go f 
is a fuzzy neutrosophic continuous mapping of (X, AT) into (Z, TA). Similarly 
we can prove for fuzzy neutrosophic open mapping. 

Proposition 3.12. Let ( A , Aff) , (. B , AZ B ) and (C, TA<A) be a fuzzy neutrosophic 
subspaces of fuzzy neutrosophic topologies (X.AT), and (Z,W) respec- 

tively. Let f be a relatively fuzzy neutrosophic continuous (resp. relatively 
fuzzy neutrosophic open) mapping of (A, AT a) into (B. °Ab) and g a relatively 
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fuzzy neutrosophic continuous (resp. relatively fuzzy neutrosophic open) map- 
ping of (B,S/b) Into (C,Wc). Then the composition g o / is relatively fuzzy 
neutrosophic continuous (resp. relatively fuzzy neutrosophic open) mapping of 
(A, ST C ) into {C,W c )- 
Proof: 

Let Wc G Since g is relatively fuzzy neutrosophic continuous, g~ l {Wc)A 
B G ty/s- Since f is relatively fuzzy neutrosophic continuous / -1 [<? -1 (VPc) H 
B] n A e ST A . Now f- l [g-\Wc) n B] n A = f- l \g~ l (W c )\ n f-\B) n A 
= (g o f)~ 1 (W c ) n f-\B) nA = (go f)~\W c ) D A(Smce f(A) C B). Thus 
{g°fy 1 (W c )AA G ST A . Hence go f is relatively fuzzy neutrosophic continuous. 

Let U A G ST A . Since f is relatively fuzzy neutrosophic open, f(U A ) G S/b- 
Since g is relatively fuzzy neutrosophic open g(f(U A )) G and, g(f(U A )) = 
(go f){U A ). Thus ( gof){U A ) G Wc- Hence go f is relatively fuzzy neutrosophic 
open. 

Definition 3.13. Let ST be a fuzzy neutrosophic topology on a set X. A sub- 
family S3 of ST is a base for ST iff each member of ST can be expressed as the 
union of members of S3. 

Definition 3.14. Let ST be a fuzzy neutrosophic topology on X and ST A the 
induced fuzzy neutrosophic topology on a fuzzy neutrosophic subset of A of X. 
A subfamily S3 of ST A is a base for ST A iff each member of ST A can be expressed 
as the union of members of S3. 

If S3 is a base for a fuzzy neutrosophic topology ST on a set X, then S3 A = 
{U HA:U e ST} is a base for the induced fuzzy neutrosophic topology ST A on 
the fuzzy neutrosophic subset A. 

Proposition 3.15. Let f be a mapping from a fuzzy neutrosophic topological 
space ( X , ST) to a fuzzy neutrosophic topological space (Y,ST). Let S3 be a base 
for ( S/ . Then f is fuzzy neutrosophic continuous iff for each B G S3 the inverse 
image /” 1 (i?) is in ST . 

Proof: The only if part is obvious. Suppose the given condition is satisfied. Let 
V G , then there exist V l( zi G S3 such that V = U Vi and /— 1 (Vi) e ST, i e 

iei 

I. Hence /” 1 (P) = / _1 ( fl = fl/” 1 (^) So f is fuzzy neutrosophic 
continuous. 

Proposition 3.16. Let {A, ST a ),(B,^b), be fuzzy neutrosophic subspaces of 
fuzzy neutrosophic topologies ( X , ST) and (Y,&) respectively. Let S3 be a base 
for STb- Then a mapping f of ( A , ST A ) into ( B , ^T B ) is relatively continuous iff 
for each B in S3 the intersection f~ l [B] fl A is in ST A . 

Proof: Straightforward. 

Definition 3.17. Given two fuzzy neutrosophic topologies ST\, ST^ on the same 
set X, then ST\ is said to be finer than ST 2 (or ST 2 is coarser than ST\) if the 
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identity mapping of (X, 7f) into ( X , 7 2 ) is fuzzy neutrosophic continuous , ie., 
(X, 7 2 ) C (X, 7,) 

Definition 3.18. Let f be a mapping of a set X into a set Y, and let 7/ 
be a fuzzy neutrosophic topology on Y. Then the family 7f - 1 = {/ _1 (£/) € 
FNS(X)]U E 7/ } is called the inverse image of 77 under f.7f-i is the 
coarsest fuzzy neutrosophic topology on X for which f : (X, 7f- 1 ) —$■ (Y,77) is 
fuzzy neutrosophic continuous. 

Definition 3.19. Let f be a mapping of a set X into a set Y, and let 77 be a 
fuzzy neutrosophic topology on X. Then the family 7/$ = {U E FNS(Y ); f~ l {U) E 
77 } is called the image of 77 under f. 7/ f is the finest fuzzy neutrosophic topol- 
ogy on Y for which f : (X, 77) — * (Y, 77 f) is fuzzy neutrosophic continuous. 

Definition 3.20. Given a family {(Xa, 7\)} a<=a of fuzzy neutrosophic topolo- 
gies and let X = Xa , let (X, 77) a fuzzy neutrosophic topological space and 

AeA 

let 7 the coarsest fuzzy neutrosophic topology on X for which p\ : (X, 7) — > 
(Xa, 7\) is fuzzy neutrosophic continuous for each X E A, where p\ is the 
usual projection. Then 7 is called the fuzzy neutrosophic product topology on 
X and denoted by ]{[ Xa and (X, 7) a fuzzy neutrosophic product space. 

AeA 

From the definition 3.13 and definition 3.20 we have the following proposi- 
tion. 

Proposition 3.21. Let {(X A , <^a)}aga bo a family of fuzzy neutrosophic topo- 
logical spaces and (X, 7) the fuzzy neutrosophic product space. Then 7 has a 
base the set of finite intersections of fuzzy neutrosophic sets in X of the form 
P^JF/a] where U\E 7\ for each A E A. 

Definition 3.22. Let {Xj} , i = l,2,...n be a finite family of sets and for each 
i=l,2,----n, lot Ai be a fuzzy neutrosophic set in X t . We define the product 

n 

A = Ai of the family A i: i = 1, 2, ...n, as the fuzzy neutrosophic set in 

i — 1 
n 

X — Yi Xj, that has membership function, indeterministic function and non- 

i= 1 

membership function given by : for each x n ) E X 

T a (xi, X 2 , x n ) = T Al (x i) A T A2 (x 2 )A, A T An (x n ), 

I A {x I,x 2 , X n ) = I Al (x i) A I A2 (x 2 ) a, A I An (x n ) ,and 

F a (x i,x 2 , x n ) = F Al ( Xl ) V F M {x 2 )y, V F An (x n ). 

Remark 3.23. From the definition 3.20 and proposition 3.21 that if X, has 
fuzzy neutrosophic topology 7 t , i = 1, 2, ...n, then the fuzzy neutrosophic 
product topology 7 on X has a the set of fuzzy neutrosophic product spaces of 

n 

the form U, where Ui E 7i for each i = l,2,...n. 
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Proposition 3.24. Let {Xi}, i— l,2,....n, be a finite family of sets and let 

n n 

A = W Ai the fuzzy neutrosophic product space in X = f\Xi where Ai G 

2 = 1 i= 1 

FNS(Xi) for each i = l,2,...n. Then pfiA) C A t for each i = 1,2,.. .n. 

Proof: 

Let Xi G Xi. Then T^fixf) = pi(T A )(xi) 

= V T A {z 1 ,z 2 ,...z n )= V [T Al {z 1 )AT A2 (z 2 )A,...AT Al (z n )] 

Zl,Z2,-Z„ep~ 1 (x i ) Z 1 ,Z2,-.Z„ep~ 1 (x i ) 

= A{ V (T Al (zi), V {TA,,{zn)}< T Ai (xi). Similarly we can prove that 

Zl^Xi Z n (EiXn 

Ipi(A){xi)< Ia^ ) and F p ^ A) (xi)> F A .[xi). Hence pfiA) C A for each i = 
1,2, ...n. 



Proposition 3.25. Let {(A 7 *, STf)} , i = l,2,...n be a finite family of fuzzy 
neutrosophic topological spaces, let (A, ST) the fuzzy neutrosophic product space 

n 

and let A = Ai where Ai a fuzzy neutrosophic set in Xi for each i=l,2,...n. 

i = 1 

Then the induced fuzzy neutrosophic topology ST A on A has a base the set of 

n , , 

fuzzy neutrosophic product spaces of the form U t where Ui G (STf) Ai , i = 

2=1 

1,2, ....n. 

Proof: 

n 

By the above remark 3.23, ST has a base = {n Ui : Ui G ST % , i = 

1=1 

1, 2, ...n}.A base for ST A is therefore given by SS A = | U^j D A : Ui E 1%, i — 1, 
But nA= (fl t/jflAj) and UiA Ai E {Sfi) Ai for i = l,2,...n. Let 



2= 1 



2=1 



Ui = UiH Ai for each i — 1, 2, ...n. 

Then SS A = < f/* : t/* G (STf) A .,i = 1,2, ...n /> and we denote the fuzzy neu- 



2=1 



trosophic subspace (A, ST a) by n (Ai, ( S ^) A J . 

2=1 



Proposition 3.26. Let {(A a , STfi)} AeA be a family of fuzzy neutrosophic topo- 
logical spaces, let (A, ST) the fuzzy neutrosophic product space, let (Y,^T) an 
fuzzy neutrosophic topological space and let f : (Y, tyt) — >■ (A, ST). Then f is 
fuzzy neutrosophic continuous iff p\ ° / : (Y, %) > (X\, STfi) is fuzzy neutro- 

sophic continuous for each A G A. 

Proof: 

Suppose f : (Y, °f/) — > (A, ST) is fuzzy neutrosophic continuous. For each 
A G A., let U\ G ST X . By the definition of ST , pf l {U\) G ST. By the hy- 
pothesis, /"HPa^a)) G W . But f~ 1 (pf 1 (Ux)) = (Pa o /) _1 (^) ■ Thus 
(px ° /) — 1 (U\) G . Hence p\ ° / : (Y, °lT) — > (A a , STfi) is fuzzy neutrosophic 
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continuous. 

Conversely, let the necessary condition holds and let U E CP . By Proposition 
3.21, there exist a finite subset A of A such that U = H Pf\U x ) and U\ E CP\ 

AgA 

for each AeA. Since px°f : (Y, ty/) — y (X\, CPfi) is fuzzy neutrosophic continu- 
ous for each AeA, (px °f)~ 1 (U\) E for each AeA. Thus f~ 1 (pf 1 (U\)) £ ^' 

for each AeA. So f| f-\Px\U x )) G <% . But f~\ f) Px\U x )) = f~\U ). 

agA agA 

So / _1 (C/) G % . Hence f is fuzzy neutrosophic continuous. 

Corollary 3.27. Let {(X A ,^)} AeA , {(Y A , ^a)}agA be two families of fuzzy 
neutrosophic topological spaces and let (X,CP), (Y, 6 i/ ) the respectively fuzzy 

neutrosophic product spaces, where X — A" a and Y = n Y” A . For each 

AgA AgA 

A G A ; let f\ be a mapping of (X\, CPx) into (Y A ,^ A ). Then the product 

mapping f = n /a ■ {X, CP) — >■ (Y,&) is fuzzy neutrosophic continuous iff fx 
AgA 

is fuzzy neutrosophic continuous for each A G A, where f(x) = (f x (p x (x)) for 

each x G X\. Proof: The proof is obvious from the above proposition. 

AgA 

Proposition 3.28. Let (X iy CPf)^ i—l,2...n be a finite family of fuzzy neutro- 
sophic topological spaces and ( X , CP) the fuzzy neutrosophic product space. For 

n 

each i = l,2,...n, let be a fuzzy neutrosophic set in X, and let A = A t 

i=l 

a fuzzy neutrosophic set in X. Let (Y, %) be a fuzzy neutrosophic topological 
space and let B a fuzzy neutrosophic set in Y , and f : (B, 9 /b) — > ( A , CPa) is 
relatively fuzzy neutrosophic continuous iff pi ° f : ( B , 9/b) — > (A, (^)a,J is 
relatively fuzzy neutrosophic continuous for each i=l,2,..n. 

Proof: 

Suppose f : (B, LYb) — > ( A , CPjf) is relatively fuzzy neutrosophic continuous, p 
(. X , CP) -E (Xi, CPf) is fuzzy neutrosophic continuous for each i=l,2,..n and by 
By Proposition 3.24 p(A) C A % for each i = 1, 2,....n. Then by By Proposition 
3.9 p\ : ( A , CPa) —$■ (A, (C7i)Ai) is relatively fuzzy neutrosophic continuous for 
each i= 1,2,. ...n. Hence pi ° f ■ (B, CPb) — >■ (A,, (^)aJ is relatively fuzzy 
neutrosophic continuous for each i=l,2,..n. 

Conversely, the necessary condition holds. Let U = U\ x x U n where 

Ui G (CPfjAi), i — 1, 2...n. By Proposition the 3.25 set of U forms a base for 

s s , n s 

&a andr\u)nB=f- 1 [ P f\u 1 )n np~\u n )]nB = n((po/)- 1 [[/ J ]ni?). 

i = 1 

Since pi o / : (B, % B ) — > (A*, (<^) A .) is relatively fuzzy neutrosophic con- 
tinuous for each i=l,2,..n, / _1 (t/) D Be °4/b- Hence by Proposition 3.16 
f : ( B , <% B ) (A, CPa) is relatively fuzzy neutrosophic continuous. 

Corollary 3.29. Let {(X*, CPf)}, {(Yj,%)}, i=l,2,..n be two finite families 
of fuzzy neutrosophic topological spaces and ( X,CP ) and (Y,4P) the respective 
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fuzzy neutrosophic product spaces. For each i = l,2,...n let Ai be a fuzzy neu- 
trosophic set in X t , Bi a fuzzy neutrosophic set in Y{ and fa : {A il (tfa)Ai) — > 

n n 

Let A = n a, b = n Bi be the fuzzy neutrosophic product 
1=1 1=1 



n 

spaces in X, Y respectively. Then the product mapping f = El fi '■ (A ^a) 

i= 1 

(B, %b) is relatively fuzzy neutrosophic continuous if fa is relatively fuzzy neu- 
trosophic continuous for each i =1,2,. ...n. 



Proposition 3.30. Let {(Xi, Ffa)} , {(Yj,%)} ; i=l,2,...n be two finite families 
of fuzzy neutrosophic topological spaces and let ( X , Lfa, (Y, ^ the respective 
fuzzy neutrosophic product spaces. For each i=l,2,...n , let fi : (Xi, FAf) — > 

n 

(Yi,fa/i) .Then the product mapping f = Yl fi '■ i.X,Lfa) — > (Y, Ufa) is fuzzy 

i= 1 

neutrosophic open if fi is fuzzy neutrosophic open for each i =1, 2...n. 

Proof: 

n 

Let U be open in FA . Let FS= {J1 Ui a fuzzy neutrosophic set in X: 

2—1 

Ui E Ufa for each i=l,2,...n} . Since AS is a base for FA , there is a B C F§ 
, , 71 

such that U = |J B. Since each member of B is of the form H U t , we can 

1=1 

/ n n 

consider B = { El Then U = [j U Ui\. Let y G Y such that 

i= 1 AgA i=l 

f~\y) fa (j). Then T m (y) = f{T v ){y)= V Mz) = V T , * rr (z) 



zef^iv) 



z&f 1 (v) 



U n Ui\ 



AgA i=l 



= V Vr. (z) 

= V V "... V [Tvjzi) A AT^Hl 

= V V Tu ix {z\) A A V Tu lx {zn) 

AeA _ziG/ 1 _1 (yi) z n ef~ 1 {y n ) 

= V l T Mu ltX ){yi) a .... at mu x )(y n )} = V ^ AA)= T n Xy)- 

AgA AgA 11 W^Aj U 11 Ji( u i\) 

i= 1 AG A i=l 

Similarly we can prove that Ifiufay) — In (y) 

U n fi(Ui\) 

XeAi=l 

F m (y) = f(T u )(y)= /\ F v (z) = /\ F « (z) = A A ^ . I 

zef-Ry) zef-py) x fa A L\ UiX zef~ 1 ( y ) AeA .P iA 

= A A A [i^ u (*i) v vFf/^^n)] 

^S^ZlG/j 1 (j/l) Z„€f n 1 (y n ) 



z) 



-A A v v A T Ulx (z n ) 

AeA .zie/f^yi) 

= AIA(m(!/i) v -vA ( mW] = A F A nu M = F n M- 

AgA AgA 11 M^iAj U II 

i= 1 AgAi=1 
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Thus f(U) = U n fi(Ui\). Since fi is fuzzy neutrosophic open for each 

AgA i= 1 

i—l,2...n, fiiUix) is fuzzy neutrosophic open is X t for each i=l,2....n. Then 

n n 

I fi{Ui\ ) is fuzzy neutrosophic open in Y. So |J fi(Ui\) is a fuzzy neutro- 

i= 1 AgA i=l 

sophic open in Y. Hence f is fuzzy neutrosophic open. 

Proposition 3.31. Let {(Xi, Sty} , {( ,%)}, i=l,2,...n be two finite families 
of fuzzy neutrosophic topological spaces and let (X,ST), (Y,LY) the respective 
fuzzy neutrosophic product spaces. For each i=l,2,...n , let Ai a fuzzy neutro- 

n n 

sophic set in Xi,Bi a fuzzy neutrosophic set in Y % and let A = A i: B = B t 

i=l i= 1 

be the fuzzy neutrosophic product spaces in X, Y respectively. If fi : Ai —$■ Bi 
is relatively fuzzy neutrosophic open for each i=l,2,...n, then the product map- 

n 

ping f = n fi : {A, Sty) — > (B, <% B ) is relatively fuzzy neutrosophic open. 

i— 1 

Proof: 

n 

Let S§= m Ui a fuzzy neutrosophic set in A: Ui E {Sty , ^ for each i=l,2,...n}. 

i= 1 

Then by Proposition 3.25 , SS is a base for STa- Let U E STa- Then there 
, ✓ ✓ n 
is SB C SB such that jj S3 = U . We can consider S3 as {Y[ ^a}aga- Then 

i=l 

n n 

U — U II Ui\. As in the above proposition 3.30 we get f(U ) = (J II fi(Ui\). 

AgA*=1 AgA i=l 

Since fi is relatively fuzzy neutrosophic open for each i=l,2...n, f(U) E a t/n- 
Hence f is relatively fuzzy neutrosophic open. 

Lemma 3.32. Let (Xi, Sty), (X 2 , Sty) be fuzzy neutrosophic topological spaces. 
Then the constant mapping f : (X 2 , Sty) —$■ (X 1; Sty) given by f(x 2 ) = x 0 E X]_ 
for each x 2 E X 2 , is fuzzy neutrosophic continuous. 

Proof: 

LetU E ST\ and let x 2 E X 2 . ThenTf- i^(x 2 ) = f~ 1 (T u )(x 2 ) = Tjjf{x 2 ) = 
Tjj(xq) .S imilarly we have If-i(u){x 2 ) = Iu{x o) and Ff-i^(x 2 ) = Fjj(x o). 
Let Tu (x 0 ) = a, ty(x 0 ) = f3 and Fu(x 0 ) = 7 . Consider C a ^ a . Since 
U E FNS(Xi), a + (3 + 7 < 3. Then C( a)i g )7 ) is fuzzy neutrosophic open 
in X 2 . Thus T f -i {u) (x 2 ) = a = T c ^tyx 2 ), I f -i {u) (x 2 ) = /3 = I C(ciM (x 2 )and 
F f~Hu){x 2 ) = 7 = F C(M (x 2 ) implies f~\U) = . So f~ l {U) is fuzzy 

neutrosophic open in X 2 . Hence f is fuzzy neutrosophic continuous. 

Proposition 3.33. Let (X 1; Sty), (X 2 , ST 2 ) be fuzzy neutrosophic topological 
spaces and let (A", ST) the fuzzy neutrosophic product space. Then for each 
Xi E Xithe mapping i : (X 2 , ST 2 ) — > ( X , ST) defined by i(x 2 ) = (xi,x 2 ) for each 
x 2 E X 2 is fuzzy neutrosophic continuous. 

Proof: 
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By Lemma 3.32 the constant mapping i\ : {X 2 , FA 2 ) (X 1 , L?)given by 
i(x 2 ) = x\ for each x 2 G X 2 is fuzzy neutrosophic continuous. The identity 
mapping i 2 : (X 2 , ,%) — > ( X 2 , 7^) is fuzzy neutrosophic continuous. Hence by 
Proposition 3.26 i is fuzzy neutrosophic continuous. 



Proposition 3.34. Let (Xi, FTf), ( X 2 , be fuzzy neutrosophic topological 

spaces and let ( X , PA) the fuzzy neutrosophic product space. Let A\, A 2 be fuzzy 
neutrosophic sets in X ]; X 2 respectively and let A the fuzzy neutrosophic prod- 
uct space in X. Let a x G X x such that JAA^i) > Ta 2 (x 2 ) , IaA^i) > Ia 2 ( x 2 ) 
and FA 1 (a\) < F A2 (x 2 ) for each x 2 G X 2 . Then the mapping i : (A 2 , (B^)a 2 ) —>■ 
(Ai, ST a) given by i(x 2 ) = ( ai,x 2 ) for each x 2 G X 2 is relatively fuzzy neutro- 
sophic continuous. 

Proof :Let (xi,x 2 ) G X. Then 

V T A2 (x 2 ) ifi~ 1 (xi,x 2 ) 7^0 

x 2 £i~ 1 (xi,x 2 ) = 

0 otherwise 



Fi(a 2 ) 1 ) *^2) 




*/ = a i 

otherwise 



Ii(A 2 )(x i,x 2 ) 



Fi{A 2 ){x i,X 2 ) 



V ^2(^2) 

X2Gi _1 (a:i,a;2) 

0 

A ^ 2 (A) 

a:'2Gj _1 (a:i,a;2) 

1 



ifi~ 1 {x 1 ,x 2 )^(t> _ (i A2 (x 2 ) if Xl = ai 
otherwise 1° otherwise 

ifi-'ixux,)^# _ ( Fm ( X2 ) if Xl = ai 
otherwise l 1 otherwise 



and T a (x\, x 2 ) = T a {x{)AT A {x 2 ) , I a {x i,x 2 ) = I a (x 1 )AI a (x 2 ) and F a (x 1 : x 2 ) = 
Fa(x 1 ) V Fa(x 2 ). By the assumption, T A (xi,x 2 ) > Ta 2 (x 2 ) , I A (x i,x 2 ) > 
Ia 2 [x 2 ) and F a {xi,x 2 ) < F A2 {x 2 ). ThusT A {x i,x 2 ) > T^ A) {x i,x 2 ), I A {x 1 ,x 2 ) > 
h(A){x 1 ,^ 2 ) and Fa{x\,x 2 ) < F^a){x i,x 2 ). Hence i(A ) C A. The proof of rel- 
ative continuity of i is similar to the proof of fuzzy neutrosophic continuity of 
i in Proposition 3.33. 
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